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ABSTRACT

The paper refers to the case of the rigid body subject to linkages

materialised through linear hydraulics engines.

We will settle the

mathematic model of the rigid and will determine its kinetic and dynamic

characteristics. We accentuate

the dynamic characteristics

of the

hydraulic linkage and the mutual influences between the rigid body and
the linkage. We include the passive hydraulic linkage into the group of

holonomic linkages.

1. General considerations

In the classical, Newtonian, mechanics there
is the notion of linkage, expressing the move-
ment restrictions imposed on the rigid through
its connexions to the external environment. The
linkages studied in the classic mechanics will
be named in this paper classic linkages and will
refer to: simple support, joint, linkages and wire
linkages. The linkages are considered rigid, so
consequently they reduce the movement
possibility of the solid. The development of the
applications imposed by the contemporary
human civilization determined us to consider
other types of linkages, such as: linkages
through cinematic, elastic chains; linkages
through viscous-elastic supports; linkages
through fluid environments; linkages through
polyphase environments; etc, linkages that are
no longer rigid, and offer some movement pos-
sibilities to the rigid on the direction of the
linkage, due to its deformation.

These linkages are taken into consideration
too in mechanics, being classified by Boltzman
as rheonome linkages and by Hertz as non-
holonomic linkages of type I or II. In the case
of these linkages, the time is explicitly, in the
expression of the linkage itself, or implicitly,
through  cinematic characteristics  (speed,
acceleration) corresponding to the point of the
rigid subject to the linkage. In the case of these
types of linkages various specific mathematic
models have been developed, by combining
some simple models (known) in various geo-

metric structures which to model as exact as
possible the real linkage.

This paper discusses a category of linkages,
used especially lately, for which we suggest the
generic name of Aydraulic linkage. This type of
linkage of the rigid is made by using hydraulic
components (hydraulic linear or revolving en-
gines), through a viscous hydraulic environ-
ment, characterised by a certain elasticity, vis-
cosity and some hysteretic properties.

The application of this type of linkages is
generally known, any classic hydraulic action
being included here, especially the actions spe-
cific to the active hydraulic suspensions of ma-
chines, the hydraulics actuations of the move-
ment simulators, actuation of Stewart platforms,
and generally, the equipments with high
mobility degree, with hydraulic sequential ac-
tuation, in which some of the linkages are ac-
tive (moving), and some other are passive (with
closed hydraulic circuits).

The active hydraulic linkages are actually
nonholonomic linkages that depend on the speed
of movement of the point of the rigid in which
the linkage is situated.

The passive hydraulic linkages are actually
holonomic linkages that depend on the move-
ment of point of rigid where the linkage is situ-
ated.

In this last case, the passive hydraulic link-
ages act like elastic linkages, made through the
hydraulic environment “blocked” in actuation.
This type of linkage is the object of the present

paper.
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2. Formulation of the case.

The model was already presented in [1].

Fig.1 presents the physical model of the rigid
body with six freedom degrees, submitted to
some active and passive hydraulic linkages.

The momentary position of a point of the
rigid, named M, is determined in reference to
the fixed reference system O,;x,y,z;, through 1t1he
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moment coordinates of the mass centre C, that
is Xc,Yc,Zc and through the angular movements

of the mobile system ¢ x,¢ y,¢ .

The linkage points of the rigid with the ex-
terior through the hydraulic linkage, named Nj,
will have the momentary position determined
identically.
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Fig.1 The model of the rigid with hydraulic linkages.
a) Passive hydraulic linkage; b) Active hydraulic linkage.

Expressing this dependency, using the matrix
formalism, for the point M of the rigid, we get:

(8} = {r}+ s}~ (1)

where: {A} = [5x,5},,5z]r;
(= xeoyezd sl = fdl”
10 -4, ¢,0
[¢]:%¢z 0 -%% @)
T4, 4. 0%
For a linkage point N;:
(a)={r}+loflr) )

the speed of a linkage point N; can be writ-
ten, using the matrix formalism as:

(v} ={v}+ [o]f5] @
where:{vi} = {)'C,-QJ.’,‘;Z'I‘}T
(vl = {5z}’
{Vi} = {).C,';)'}i;z.i}T
0o W, wy J
[w]=sz 0 - H (5)
H_ wy W, H
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3. Defining the hydraulic linkage

We consider the point N; of the rigid in
which we apply a hydraulic linkage which acts
on the x, y, z directions of the fixed reference,
as in fig.2a.

The linkage may be either active on a
direction or passive, according the position of
the hydraulic switches (the DH proportional
distributors), which can connect the hydraulic
cylinders CH with the pressure source SP, or
can discontinue this linkage. The DH switches
command is made usually electrically, through
an electronic command system, external to the
mechanical system. In the case of flight simu-
lators, which are part of the category of rigid-
bodies analyzed in this work, the command of
the switches is made by some process com-
puters.

If we consider the unidirectional linkage in
fig.2b, which acts on the direction (u), it will be
a passive linkage if the switch (DH) is in the
neutral position (O), (there are no e; and e,
commands). If one of the e, and e, commands
are made, the proportional distributor DH will
be moved on position (1) or (2) the linkage be-
ing active, moving the point i of the rigid, on
the direction u, with the speed #, towards (1)
or (2).

In this last case, the active hydraulic linkage
is acting on the rigid body as an active force,
applied directly, producing the rigid movement.
The other linkages of the rigid, if they are pas-
sive, will act like viscous-clastic linkages,
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limiting the rigid’s movement possibilities on
the directions they are manifested. We must
mention that the hydraulic linkages are con-
nected to the rigid and to the external environ-
ment by spherical joints, considered ideal and
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without clearance. To approach the dynamical
aspects we have to determine the energetic
characteristics of the hydraulic linkage.
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Fig.2 The principle schematics of a hydraulic linkage
a) 3D linkage ; b) Unidirectional linkage;

We know that for a hydraulic circuit actuated
with pressure p (fig.2b), the elementary energy
of the hydraulic agent from the cylinder is
given by the relation:

dV = pldv= ApUpUdu (6)

where:

dV [J] - elementary energy;

p [N/m?] - the momentary pressure in the
cylinder;

dv=Adu [m’] - the elementary volume of the
hydraulic agent in the cylinder;

A [m?] - the surface of the cylinder’s piston;

du [m] - the momentary liniar movement of
the cylinder’s rod.

According the equation of continuity of the
hydraulic agent in the hydraulic system, we
have:

Q= Autap+ fp (7)

where:

QO [m?/sec] - the flow of hydraulic agent of
the pressure source (SP) introduced in the hy-
draulic cylinder (CH);

0, = Au [m’/sec] - the flow of hydraulic

agent used in the cylinder to move the cylinder
rod with linear speed u ;

Q, = 0 Up [m¥/sec] - the flow of hydraulic

agent lost in the hydraulic system through
leakages, losses proportional with momentary
pressure in the hydraulic system,;

0, = B Up [m¥/sec] - the flow of hydraulic

agent taken from the source through
compensation of the compression of the
hydraulic agent.
that B = V/E [m*s’/kg]
represents the hydraulic capacity of the
hydraulic agent from the system (of volume V)
subject to compression effect, at the momentary
pressure p.

The flow Q of hydraulic agent taken by
cylinder CH will be (for the passive hydraulic
linkage):

We  mention

=0, ®)

From (8) and (7), considering the system
loses non existent (0 [ 0), we have:

Alu+ pOp=0 9)

from where we have, through a simple
calculation, the dependence of pressure on
movement, respectively:
A
P= Do~ ﬁ—” (10)

where:
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po - represents the pressure from the cylinder
at the statical equilibrium of the forces applied
on the rigid;

u - the momentary movement of the point
connected.

From (10) and (6) we have the expression of
the potential energy of the passive support, as:

2 2
A" u

V= dpu---"—=K, u- K’ (11
pO IB 2 iu iu ( )

4. Determining the characteristic

quadratic form of the rigid
The kinetical energy of the rigid results from:

E-= Ivzdm

D

(12)

N | =

where v, results from the relation (4), which

leads after development to the expresion,
principially known:
2E=m(x+ p +z )+ Jo +
2 2
tJo tJe -2J 00, - (13)
-2J 00, - 2Jyzw RO

The potential energy is calculated under the
hypothesis that its variation is integrally taken
by the variation of the pressure potential energy
of the passive hydraulic linkage, given by
equation (11).

If we consider the movements of the rigid’s
points connected by a passive hydraulic linkage,
given by the relations (3), then the potential
energy in the i order linkage, is:

V'K*(5Y+Ki)*(5 +K*5
-K,0, - K8, -KJ,’

ix"” ix iz7 iz

(14)

For all the points of the rigid subject to
passive hydraulic linkages, the total potential
energy will be:

V: Z I/i: Z Kix*aL‘c-I-Z Ki*diy-l-
l +ZII<.*6 EK”‘ i
Z K8, Z Kb,

C0n51der1ng the dlstortlons given by (3) for
each linkage point Ni and ordering the terms
depending on the movement, we have:

(15)
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VoY Kax Y Ky
* ZI Kiz*Zc - Zl Kixxc2 -
- Zl Kiyycz - i Kizzc2
+ Zt (Kiz*yi _Kliy*ziw o ¥
* zl (Kix*zi _Kiz*xi)¢ y *
* Zl (Kiy*xi _Kix*yi)¢ z
- Zl (Kiyziz _Kizyi2)¢ x2 -

-y (Kox =Koz W ) (15)
- Y (Ko KW

- 22 K.zx$,- 22 Kl.yzl.yc¢ -

- 22 K.yz$ . +2) K.yxp.+

+ 22 K,zyd, + 22 K.xz$ +

t 22 K.xy$.9,

* 22 K,y.z$ y¢ o1
$2) Kyznh 4

5. Determining the disturbing

components
We consider that on the rigid act j disturbing
concentrated forces and k disturbing couples.
The wvirtual mechanical work of the
disturbing forces will have the expression:

- z F‘deJ:Z F0x, +
+JZ ijdyj'{z F.0z,
v} 7

Ordering the

(16)

to virtual
movement (Xc;yc§25;¢x;¢ _V;¢z) we have the

final expression of the virtual mechanical work
of the disturbing forces:

0L, z Fix, +Z F5J’L+z F, 0z, +
+z (y,F,. —zF)6¢ ;
Z (2,8, = x,F,)00 , +
* Z O = 5,000

The virtual mechanical work of the torques
directly applied to the rigid, has the expression:

terms according

(17)
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5L, =Y MJj =
(18)
= Mx5¢J * Mxy6¢y * M25¢z
The cumulated effect of the disturbing

factors results by summing the relations (17)
and (18), from where, after ordering the terms
after the virtual movements results:

6Lx = (Z F.])C)dxc;

0L, = (Z Fy)0y.;

6Lz = (z FJz)(sZc;
J

(5L¢x = ﬁZJ (ijJZ- z FJy)+ Z kaﬁ5¢x;(l9)

0 0
0L, = HZ] (z,F), - x;F.)+ Z Mknywy;

(A%
- ﬁg (5/Fy = 3 E* Mkzﬁfm

6. The movement equations of the rigid
For deducing the moving equations we use
the Lagrange equations of type II, with the

el

d[iE
dt fo{x}
where:

E - is the kinetic energy of the rigid, defined
by relation (13)

{x} = [Xc,j/c,ic,¢'x,¢.y,¢.z}T -is the matrix
associated to the generalised speeds of the
rigid;

T . .

{X} = [xc,yc,zc,¢ x,¢ y,¢ Z} -is the matrix
associated to the generalised coordinates or the
rigid;

{Q} “QP}+ <QF]} -are the generalised

forces, where:

Py _ 0V .
Q"= - -1 - represents the generalised
o{q
forces of potential nature, in our case from the
passive hydraulic linkages and
lo'}= -5
()
disturbing forces.

From the equations (20), using the matrix
formalism, we have the matrix equation:

M+ [K S = {0} + {R)

where:

L,

(20)

- represents the generalised

2

(= (%028 00,60
(x) = {xeyzeb 8,0
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’Mol - the inertia matrix of the rigid, which

has the expression:

0m 0 O O O 0 [
i m 0 0 O 0 0
@ 0 m 0 0 0 0
(Ml=00 0 0 s -J, -J.002
go 00 -J, J, -J, %
DO 0 0 -J, - Jzy J, 0
[Ko] - represents the rigidity matrix of the
passive hydraulic linkages and has the
following expression:
0 1 z, ~ Vi 0
S A A A
0 1 z, X, 0
% o3 0 -3 7 0 ZZ %
0 1 , l 0
% o o ¥ i y ;— -3 ;— 0 %
/ Zoy rog s vl g an Ly xa 3(23)
3 " ZV L Z}V,, Vol L. Ly G
%ZZ_ 0 ZL Z_ysz_z iH-zWr i
% Vi Ve Ve EHV. Vb : e ’S
U Sy ME Ly XA R/
2y 1y, 0 Tl I Yok
where

E - represents the elasticity module of the

V..V, V.

ox?" oy?" oz

hydraulic agent and

- represent the

volumes of hydraulic agent subject to com-

pressibility;

o7}

- represents the matrix

attached to the

vector of generalised disturbing forces;

ZJ e
-
K

0w R, )y M
HZ (ZjFJx_ ijJz)+ Z

@Z] (x_jFJy_ FJx)+ Z

s s i |

lo]=

I o |

0@

e ]
0
M’WD

Mkzg

{Ro} - represents the matrix attached to the

vector of hydrostatic forces co

rresponding to

the static equilibrium of the rigid;
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R
H poy
- p
Rp}=4 o 25
{ 0} % (pozyi_poyzi)% ( )
D (pox i_ pozxi)D
H (poy i_ poxyi)H

The matrix (22); (23); (24) and (25) can also
be written, underlining the significance of the
component terms:

w il

where:
’Ml - represents the matrix associated to the
mass of the rigid;
J] - the matrix of the inertial tensor of the
rigid;
0]3x3 -where:
1%

mass of the rigid;

- represents the matrix associated to the

J] - the matrix of the inertial tensor of the
rigid;
0]3x3 - the null matrix;

&)=

27 el
DZ [l -

[H]D
- [L] 0

"y el T
Ak [rllc,ll l @)

’CTh] - represents the matrix associated to

the total hydraulic capacity of the hydraulic
linkafes circuit;

- the matrix associated to the vector of
the point of application of the hydraulic link-

o [] )
1= 3 lllcalil

[QF}= b}
(R} = Allrh{7l};

the differential equation (21) becomes:
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equation that better represent the linear and
angular movement of the analysed rigid under
the action of disturbing factors.

oo

7. Conclusions

The dynamic analyses undertaken in this
paper on the rigid body with passive hydrody-
namic linkages reflects that the rigid in this
situation acts as a rigid subject to elastic link-
ages, which was expected.

The characteristics of the hydraulic linkage
that determines the dynamic behaviour of the
rigid body are the hydraulic capacity of the
hydraulic circuits.

When there are no disturbing factors

{f} = {0} , {m} = {0} and the hydraulic system
of the passive linkages is dynamically equili-
brated, {1} = {0}, {7} = {0}, from (21) and (28)
equations we get the free vibrations of the rigid
body subject to passive hydraulic linkages,

whose own pulsations can be determined from
the characteristic equation:
det|- p’[Mm,]+ [k ]z 0 @9

The aspects underlined in this paper may be
used to analyse the possibility to dissipate the
earthquake energy transmitted to buildings from
the seismic waves and also the possibility to
dissipate the energy transmitted to the envi-
ronment by technological equipment that
generates vibration and shocks.
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