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ABSTRACT
The oscillation movement of a mechanical non-linear system is not easy  

to solve exactly on analytical way. The approximate solutions are based on 
different  methods  and  give  different  values  with  different  approximation  
degree.  Our  method,  based  on  ”low parameter  method” gives  an  another  
way  for  this  almost  known  method  and  it  is  applicable  at  non-linear  
mechanical systems on free movement.

1. Introduction

Free  oscillations  of  the  non-linear 
mechanical systems are described by differential 
equations such as

0Fxm i =+

where m is the mass of the system and Fi are the 
internal forces (elastic and damping).

The equation can be written

( ) 0xx,xfx =++  µ                    (1)

where  µ  is  a  low  positive  parameter,  the  f 
function  includes  linear  and  non-linear  terms 
depending on x,x   and coefficients depending of 
the mass  of  the system,  x  being the movement 
leaning on time.

2. The principle
Marking  ( )tzz,zx ==  we  obtain  a 

differential  equivalent  system  of  the  equation 
(1)
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The  system  (2)  becomes  under  the 
disregarding of the non-liniarities ( 0=µ )
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with the solutions
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For  the  non-linear  system  (2),  we  look 
for solutions such as 
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the functions  ( ) ( )1 2,  C t C t  will  be  determined 
by identifying from the condition that (3) should 
be a solution for system (2). It results 
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By  solving  of  the  system  (4)  with  the 
unknown ( ) ( )1 2,  C t C t  it results
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     (5)

Integrating,  we  obtain  ( ) ( )tC,tC 21  and 
coming back to (3)  we find the exact  analytical 
solution.  But  system  (4)  can  be  solved  only  in 
particular  situations  for  simple  expressions  of 
the f functions.

For low non-linearities we consider that 
in a period π2 , the functions ( ) ( )tC,tC 21  remain 
invariable  and  can  be  approximate  with  their 
medium values on this period, and than
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After  the  calculating  of  the  integral  we 
obtain results as

( ) ( ) ( )[ ]
( ) ( ) ( )[ ]
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respectively  a  system  of  differential  equations 
that  can  be  integrated  easier  than  (5)  and  its 
solutions  lead  to  solving  the  non-linear 
equation.

3.Example

We  will  solve  as  a  particular  case  the 

following non-linear equation 

0xxx 3 =+µ+                     (7)

so ( ) 3xx,xf  = .

The  expressions  that  help  us  obtain 

( ) ( )tC,tC 21  can be written 
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After integrating we obtain
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The  presence  of  2
2

2
1 CC +  in  the  right 

part of the two equations leads to a division and 
it results

( )
( ) 2

1

2

1
C
C

tC
tC

=



                     (9)

differential  equation  that  conducts  to  a  linear 
relation between functions ( ) ( )tC,tC 21

( ) ( ) Rk,tkCtC2 ∈=                  (10)

It results
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the function  ( )tC1  verifying
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Noting  ( ) ( )tCtz 2
1
−=  it  results  later  

( ) Rc,ct2tz 2 ∈+= ω , ( )1k
8

3 2 += µω  and than
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( )
ct2
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Choosing  the  solution  with  the  sign  + 
(with  the  other  we  proceed  identically),  we 
obtain
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From  the  initial  conditions 
( ) ( ) 00x,a0x 0 ==   concerning  the  solution  it 

results

ck,
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and than
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From the relations

( ) Rkandck,1k
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we obtain a condition about the low parameter
2
0a

3
4≤µ                           (15)

3. Conclusion
The presented method permits the solving of 

the  non-linear  mechanical  systems  and  was 
chosen  as  example  a  system  with  nonlinear 
damping  forces.  The  method  presents  the 
solving  and  the  evaluation  of  the  value  of  the 
low positive parameter in order to make the best 
approximation.
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