THE ANNALS OF “DUNAREA DE JOS” UNIVERSITY OF GALATI
FASCICLE X1V MECHANICAL ENGINEERING, ISSN 1224-5615
2005

CONSIDRATIONS UPON THE STUDY
OF A NON-LINEAR DYNAMIC SYSTEM
FOR VARIOUS OPERATING CONDITIONS

PhD. Assoc. Prof. Cristian DRAGOMIRESCU
PhD. Assoc. Prof. Andrei CRAIFALEANU
University “Politehnica” of Bucharest,
Dept. of Mechanics

ABSTRACT

A dynamic system that models the fixing of a fan is studied, by means of the
non-linear vibration theory as well as of the dynamic system theory. Three
different operation conditions are investigated: autonomous system,
non-autonomous system subject to a harmonic excitation and
non-autonomous system subject the simultaneous action of two harmonic

excitations.

1.PRESENTATION OF THE MODEL

The paper studies a dynamic system ,
consisting of a mass M, supported in a
horizontal plane by three cables, connected to a
circular frame (Fig. 1). The cables, of lengths /,
Young’s moduli E, cross-sectional areas 4 and
negligible masses (with respect to M), are not
tensed by any external forces. The system can
model the fixing of a fan.
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Fig. 1. The studied model

By using some methods of the non-linear
vibration theory, as well as of the dynamic
system theory, this single-degree-of-freedom
system is studied in three different operation
conditions:

— as an autonomous one,
considered fixed;

— as a non-autonomous one, if the frame is
subject to vertical vibrations, determined by

the acceleration a,f) produced by a

harmonic excitation;

if the frame is

87

— as a non-autonomous one, if the frame is
subject to vertical vibrations, determined by
the acceleration a,¢f) produced by the
simultaneous action of two harmonic
excitations.

By determining and analysing the equation
of motion, the behavior of the system is
investigated for certain operation conditions,
which makes it possible to take technical
measures in order to avoid risk domains.

2.THE EQUATION OF MOTION
The equation of motion can be determined
by using Lagrange equations of the second
species.
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Fig. 2. Vertical projection of the studied model

For the autonomous system (Fig. 2), which
is conservative, the Lagrange equation takes the

form
d[PEQ oE _3U .
dtoy oy 0oy’ ©

where the kinetic energy has been introduced,
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as well as the force function,

3EA%/—_I§ o

In the previous formula, /, is the length of
the untensed cable.

By replacing (0) and (0) in (0), the

differential equation of motion of the
autonomous system is obtained:
3EA I}
My + - 0 g(:o. (0)
g r+yg
If the non-autonomous system  is

considered, the differential equation of motion
becomes:

. 3EA l
My + Ez L Q:Mat(r). (0)
'\/Z +y D
For small elongatlons (small values of
parameter y), the approximation
I 1
22 - 2 2
+ 20 =-22 4 o= (0)
I’ nr 2r

can be made, which allows equation (0) to be
rewritten as

3EA Eb 3EAI 3
or
oty =ai), (0)
where the following notations have been
introduced:
O, 3EA H] —Z—OE
Ml /
H O C (0
_ 3EAI,
M

It can be seen from (0) that the system has
the non-linear characteristic (Fig. 3)

Iy =’y (0)
which is a strong one, since
" 9EAI .
rhl=ow=="2ty>0 it y>0. ()
f(y) A w2y+uy3
— Wy
.7 |0 y,
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Fig. 3. Strong non-linear characteristic

3.ANALYSIS OF THE SYSTEM

In the following, the cases of the
autonomous and non-autonomous system,
respectively, are analysed.

3.1.The autonomous system
In this case, the differential equation of
motion (0) becomes
jrwy+p’ =0 (0)
and its periodical solution (with the circular
frequency Q) will be found by using Linstadt
method .
The method can be applied if parameter Y
is small and it consists in rewriting the equation

as
2

d
Q23 rwry i) =0, (0)

where
T=Qr, 0)
and in expanding the solution and Q7 as power
series of [:
A1) = (1) 1 (1) + 7w, (1) +. (0)
Q’ =a,+a, +Wa, +... 0)
By replacing (0) and (0) in (0) and by
equating with zero the coefficients of the
powers of [, a system of second order linear
differential equations with the unknowns y,(7),
vi(T), y2(1),... is obtained:

Eﬂo deo +Wy, =
0 42 2
d’y Y
Ch L+w’y, ==y’ —a 0
o Vi Yo —4; a2 (0)
o 2 2
Ay, o _ d’y dy
D’o 22 Wy, =-3y,y,—q d‘[;— 2 d_[go

For p=0, the case of linear vibrations is
obtained, so that

a,=w, 0)
while the solution which satisfies the initial
conditions

=a
t=0 0O
%: ) 0
is
yo(T) =acosT, (0)
By replacing this result, the second
equation of the system (0) Dbecomes

successively



THE ANNALS OF “DUNAREA DE JOS” UNIVERSITY OF GALATI

2 dZyI +
dr’

d’ + a 374 049 3a’ .
=- cos —— =os
w7 W 4

By equating with zero the coefficient of
cos T, it follows

Wy, =—a’cos’ T+a,acosT, (0)

3a’
a, = T 5 (0)
Zy a3
Lty =———cos3T. 0
aw T ©

The solution for which initial conditions
(0) remain unchanged is

3
y,(T) = awz (cosj’T—cosT) , (0)

hence the first order approximations for (0) and
(0) are
At Oyt )+uy1 1=

5 cos 3T, (0)
3200

Q Oa, +Ha, :<;>‘/1+43pr. (0)

By similar procedures, from the third
equation of the system (0), rewritten
successively as
W dz)’z +ly. =

ar’ 72

=- a (cos3T—cosT)cos2T+ (0)
320
3 5
%(9c0s3'[—cost)+a2acos1',
128w
d’ 3a’
);2 +y, =-2 —Ccos ST+
dt 128w

0
3a’ 3@ | aa ©)
o cos 3T+ pYo +F os T,

the following results are obtained:

3a*
a,=——29__, 0)
128w
2 5 5
Y2y =— 2% cossTH+ 3a cos 31 0
a2 128 166 - O
234’ 3d°
yZ(T) = —CosT — —Cos 3T+
1024w 128w
a5 (0)
+———cos 5T.
1024w

The second order approximations for (0)
and (0) are
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A1) Oy, 1) +py, (1) + 102y, (1) =

_ e’ 23u°a’

=Hl— + osT+
320 10240 (0)
3 2.5

25
Ma” _3Wa 0s 3T+ Ha

20 1286 7 05T,
Q Uya, +pa, +Wa, =
:m\/] 3a’ u- 3a’ (0)
4000 128«

Equation (0) is equivalent with the first
order differential system
y=v
O _ o s
D=-wy-—Ww .
By adding the equations of this system,

multiplied with w’y and v, respectively, the
following equality is obtained

(0)

Wy 'y =0. (0)
This relation can be integrated:
" 4
o’ y
+u—-=C. 0
SO Ll (0)

The last equation descrlbes the trajectories
followed by the system in the phase plane,
represented in Figure 4, for w=1, p=1/ and C=1,
2,3, 4.
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Fig. 4. Phase plane

3.2.The non-autonomous system under
the action of one harmonic excitation
If the system is subject to a harmonic
excitation, the equation of motion (0) becomes
o'y +W’ =q,cosQr. (0)
An approximate periodical solution with
the same frequency as the perturbation force is
seeked.
Considering a trigonometrical series
expansion containing only the odd multiples of
Q¢ , the ap(pr0x1mate solution will be:

I:JA1 cos Qt + A, cos 3Qt 0)
By replacing (0) in (0), by neglecting the
terms containing A4;A4,, AA;, A and by
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equating with zero the coefficients of the
trigonometrical functions, the following system
is obtained:

Yo )+t -, =0
4
; (0)
W’ - 9074, 2] =0,
Assuming that the order of Y and ¢y is 0(€),
where € is a small parameter and admitting that

W —Q? =0[g), it results from (0):

4, :ﬁw‘li +0le?). (0)

It follows from (0) the approximate
solution
y(T) 04, coth+32;2p.A,3 cos3§2+0(£2) . (0
W

The coefficient 4; of the first harmonic can
be determined from (0), by writing
3 q
Q° 0w’ +=ud; -2 +0|e’
] =2 4ol (0)

1

or, by using 4, =*4
Q2 Doo2+§uA2$%”+0(€2). (0)

For go=const, the graph of the function

2
AI%’AE is called resonance curve.

3.3.The non-autonomous system under
the simultaneous action of

two harmonic excitations

If the system is simultaneously acted by
two harmonic excitations with not equal
frequencies, the equation of motion (0) becomes

PHWy+W’ =q,cosQt+q,cosQ,t. 0)

Since for p=0 the superposition of the
effects takes place, an approximate solution is
seeked of the form

y(T) 04, cosQ,t+ A, cosQ,t +uu(t) , (0)
where Hu(?) is a correction term due to the
elastic non-linearity.

By replacing (0) in (0) and by equating
with zero the coefficients of the trigonometrical
functions, a system with the unknowns A4,, 4,
and u(t) is obtained. If the powers of W are
neglected, this system is
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%02 -Q; +§p(Af +2A§)—%:0

O 1
sz-ﬂééu(ZAHAf)-Z—Z:O

E 2

%400214 = —g{Alj cos3Qt+ (0)
E +3AfA2[cos(ZQI +Qz)t+cos(2Q, —Qz)tl +

g +34,4cos(Q, +2Q,) 1 +cos(Q, - 2Q,) ] +
H+4) cos3Q2t}.
The last equality is fulfilled for
O
u(t)=—i ; cos3§21t2 +
40 o -9Q;
cos(2Q1 +Qz)t2 +
W’ _(291 + Qz)
cos(2§21 —Qz)t
W’ _(291 _92)2
cos(Q, +2Q2)t2 +
W’ _(QI +292)
cos(Q, —ZQz)t
W’ _(Ql —2Q2)2
3 cos3Q,t 0
7w -9Q3 %

From the analysis of the results, it can be
seen that the two excitation forces generate
forced vibrations with the same frequencies as
theirs, but also supplementary vibrations, with
the frequencies 3Q; 2Q,+Q,, 2Q,-Q,, Q+2Q,,
Ql_ZQz, 3Q2

+34; 4,

+347 A, +

+34,4;

+34,4; +

4.CONCLUSIONS

By determining and analysing the
differential equation of motion, the behavior of
the dynamical system has been studied under
different assumptions: autonomous system, non-
autonomous system under the action of one
harmonic excitation and non-autonomous
system under the simultanecous action of
two harmonic excitations with not equal
frequencies.

Approximate periodical solutions obtained
in each situation provide a theoretical tool for
measures of avoiding risk domains in certain
technical applications.
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