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ABSTRACT 
 

In this article is presented the case of the beams which are loaded by 
mobile forces with variable intensity along the beam. In this context, after 
calculus assumptions and calculus model are presented, necessary 
formulas are derived for the analytical study of such beams. 
In the final part of the article is presented a case study and some 
recommendations and conclusions. 
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1. Preliminary 

In treaties for strength calculating of the beam 
structures, is presented the case when the beams 
are loaded with mobile forces that have con-
stant intensity throughout the movement. 
In contrast, a case quite common in practice is 
that the beams are loaded with mobile forces 
with variable intensity along the beam. This 
situation is met if a filling material (sand, gra-
vel, etc.) is deposited on a structure supported 
on beams.  
Assuming that the unloading device ensures a 
constant flow, the layer height of filling ma-
terial may be constant or variable along the 
path that are filed, as the vehicle speed is con-
stant or not. In fig. 1 is presented, schemati-
cally, a practical situation that is appropriate to 
the case described above. 
  

 

Fig. 1 - Creating a layer of gravel 
The notations that were used in fig. 1 have the 
following meanings: 

1G , 2G  – the equipment weight fractions (ex-

cluding the weight of the filling material); those 
are transmitted to the beam through the rear 
axle and front axle, respectively; 

 xGm – function describing the variation of the 

filling material weight along the beam; 
 xp  – function that describes the variation of 

the distributed load along the beam; 
a  – the distance between axles; 

 xd  – function describing the change of 

distance between 1G  and mG  forces. 

In addition, unlike the classic case, as shown in 
fig. 1, while forces moving on the beam, acting 
and a distributed force, which is caused by the 
weight of the filling material. 
In the following part of the paper we present 
the necessary calculus elements for the study of 
such practical situations. 
 
2. Assumptions, calculus model, formulas 

First, we assume that the speed of the equip-
ment along the beam is low enough so that the 
forces acting on the beam can be considered as 
static forces. 
If G  is the total weight of equipment (exclu-
ding the weight of the filling material), the 
fractions 1G  and 2G  can be expressed by 
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   GkGGkG  21   ;1  (1) 

where k  is a positive factor subunit. 
On similar terms, the function describing the 
variation of the filling material weight along 
the beam is 
 

      GxxGm  0  (2) 
 

where  x  is the discharging function and 0  

the mean proportion of weight equipment that is 
the weight of the filling material, at the process 
beginning. On similar terms, let be 3  propor-

tion of weight equipment that is the weight of 
the filling material, at the process ending. 
Under these conditions, the function  x  is a 

monotone increasing positive function with zero 
as minimum value and 30   as maximum 

value, as seen in fig. 2. 
 

x

(x)

l
O

 
Fig. 2 - The discharging function 

 

The function  xd  describing the change of 

distance between G1 and Gm forces, along the 
beam can be expressed in terms of distance 
between axles  
 

    xaxd   (3) 
 

where  x  is a positive subunit-valued 

function. It should be pointed out that if attach-
ment machinery is maintained in the same ro-
tated position during the whole process, then 
the function  x  is a quasi-constant function: 

  .ctx   

The distributed load intensity depends on the 
discharging function  x .  

Taking into account the expression 1, it is 
easily shown that function  xp  has the 

following form 
 

  
dx

d
Gxp


  (4) 

 
The variable force  xGm is transmitted to beam 

through the equipment axles. Therefore, in ad-

dition to the constant forces 1G  and 2G , the 

beam is loaded with two variable forces,  xQ1  

and  xQ2 , that are obtained using the decom-

position of a force in two parallel directions: 
 

         Gx1xxQ 01    (5) 
 

        GxxxQ 02   (6) 
 

Consequently, the beam is loaded by two vari-
able forces  xP1  and  xP2  with same action 

line as the forces 1G , respectively 2G : 
 

 
   

       Gx1xk1         
xQGxP

0
111




 (7) 

 

 
   

      Gxxk           
xQGxP

0
222




 (8) 

 

Based on the above, the calculus model is given 
in fig. 3. Besides the known notation, in fig. 3 
were used the following notations: 
l  - beam length; 

   xxV 30 V  ,  - bearing reactions; 

 xR  - resultant force of the distributed load; 

 xr  - abscissa of the resultant force,  xR . 
 

 
Fig. 3 - The calculus model 

 

Noting with u  abscissa associated with a cer-
tain section of the beam, the bending moment 
produced in this section shall be calculated in 
two different cases, as follows: 
1.  alx  ,0  - Both concentrated forces  xP1  

and  xP2  acting on the beam.  

The bearing reactions is 
 

 

       

 xP
l

ax
1

xP
l

x
1xR

l

xr
1xV

2

10







 








 



 

 (9) 

 

          xVxPxPxRxV 0213   (10) 
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The shearing force and the bending moment are 
multiple-valued functions, the beam having 
three regions. 
- For  xu ,0 : 
 

      uRxVxT 01   (11) 

and 
 

         uRuruxVuuM  01  (13) 
 

In the formulas (11) and (12),   uR  and  ur  

are resultant force of the distributed load 
corresponding to the distance u , respectively 
abscissa of this resultant force. 
- For  ax,xu  : 
 

        xPxRxVxT 101   (14) 
 

 
        
   xPxu

xRxruxVuuM

1
01

 


 (15) 

 

- For  laxu , : 
 

          xPxPxRxVxT 2101   (16) 
 

 
        
     axuPxPxu

xRxruxVuuM



21

01
 

 (17) 

 

where  uR  and  ur  have the meanings that 

have been described above and  xV0  is calcu-

lated with formula (14).  
 

2.  lalx ,  - The only concentrated force 

acting on the beam is force  xP1 .  

Therefore, the calculation of the bearing reac-
tions is done by: 
 

        xP
l

x
xR

l

xr
xV 10 11 






 



   (18) 

 
        xVxPxRxV 013   (19) 
 
The shearing force and bending moment are 
multiple-valued functions, the beam having two 
regions. 
- For  xu ,0 :  
 

      uRxVxT 02   (20) 

 

         uRuruxVuuM  02  (21) 
 

where  uR  and  ur  have the meanings that 

have been described above.  

- For  lxu , : 

 
        xPxRxVxT 102   (22) 

 

 
        

   xPxu
xRxruxVuuM

1
02

 


 (23) 

Let max1x  be the abscissa of the beam section 

where the maximum bending moment occurs in 
the first case and let max1M  be the value of 

this maximum bending moment. On similar 
terms, we have max2x  and max2M  in the 

second case. 
With these notations, the largest maximum 
bending moment is given by 
  

  max2max1maxmax ,max MMM   (24) 
 

and the abscissa for the corresponding section 
is given by 
 

  







max2maxmaxmax2
max1maxmaxmax1

maxmax  ; 
 ; 

MMx
MMx

x  (25) 

 
3. Case study 

The case study is built on the general model 
presented above, on which there were made the 
following customizations: 
- Distributed load along the beam is a 

uniformly distributed load: 
  

   .ctpxp   (26) 
 

- All of the filling material is deposited on the 
structure: 

 

 03   (27)  
  

The calculus model is given in fig. 4. 
 

 
Fig. 4 - The calculus model used by case study 

 

First, considering the relations (4) and (26), we 
obtain that the function  x  is a linear func-

tion and, consequently, has the form: 
 

   BxAx   (28) 
 

The constants A  and B  are obtained by impo-
sing the boundary conditions for  x . After 
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calculations, we obtain: 
 

   lxx 0   (29) 
 

Therefore, on basis of the formulas (4) and 
(29), we obtain: 
 

 lGp 0  (30) 

Under these conditions, the forces  xP1  and 

 xP2  can be calculated with the following 

formulas: 
 

     G
l

x
11k1xP 01 














   (31) 

 

   G
l

x
1kxP 02 














   (32) 

The resultant force of the distributed load is 
given by 
 

  
l

x
GxpxR 0   (33) 

 

And abscissa of the resultant force,  xr  is 
 

  
2

x
xr   (34) 

 

If forces  xP1  and  xP2  are acting on the 

structure (the first case treated in the previous 
paragraph), the bearing reaction  xV0  is 

calculated with following formula: 
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 (35) 

 
If the only concentrated force acting on the 
beam is force  xP1 , the bearing reaction  xV0  

is calculated with following formula: 
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 (36) 

 

Based on force  xV0 , can be determined in 

each case, the formulas which describe the 
variation of the shearing force and the bending 
moment, along the beam.  
Consequently, it is possible to be locate the 
dangerous section of the beam maxmaxx  and to 

be calculate the largest maximum bending mo-
ment, maxmaxM . 

4. Conclusions 
Correct sizing of beams which are loaded with 
mobile forces with variable intensity is a pro-
blem that requires a detailed study using a more 
complicated calculus model, than the calculus 
model used for beams which are loaded with 
constant moving loads. 
In this context, the calculus model proposed in 
the paper is likely to lead to getting results 
which are characterized by a better accuracy 
than the one obtained on basis of simplified 
calculation models. 
It is recommendable to use the model proposed 
in the paper, especially in cases where the 
weight of filling material is of the same order 
of magnitude as the equipment weight and a  is 
at least 10% of l . 
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